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Abstract

The statistical power for detecting change in water quality should be a primary consideration when designing monitoring
studies. However, some of the standard approaches for estimating sample size result in a power of less than 50%, and doubling
the pre- and post-treatment sample size are necessary to increase the power to 80%. The ability to detect change can be
improved by including an additional explanatory variable such as paired watershed measurements. However, published guide-
lines have not explicitly quantified the benefits of including an explanatory variable or the specific conditions that favor a paired
watershed design. This paper (I) presents a power analysis for the statistical model (analysis of covariance) commonly used in
paired watershed studies; (2) discusses the conditions under which it is beneficial to include an explanatory variable; and (3)
quantifies the benefits of the paired watershed design. The results show that it is beneficial to include an explanatory variable
when its correlation to the water quality variable of concern is as low as about 0.3. The ability to detect change increases non-
linearly as the correlation increases. Power curves quantify sample size requirements as a function of the correlation and
intrinsic variability. In general, the temporal and spatial variability of many watershed-scale characteristics, such as annual
sediment loads, makes it very difficult to detect changes within time spans that are useful for land managers or conducive to
adaptive management. @ 2001 Elsevier Science B.V. All rights reserved.
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In the United States hundreds of billions of dollars
have been directed toward improving water quality,
and there is a need to document whether these conti-
nuing expenditures are resulting in significant gains in
water quality. Since most large point discharges are
already regulated as individual sources, our most
serious water quality problems are increasingly due
to the cumulative effects of multiple point and
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the corresponding values of the variable of interest
from the control basin). The same statistical model
applies to a single station when an additional expla-
natory variable-such as precipitation is correlated with
the water quality variable of interest. Although the
statistical model could be extended to include multi-
ple explanatory variables, we shall confine our discus-
sion to the benefits of adding a single explanatory
variable.

In designing studies to detect change, the statistical
power for detecting change should be a primary
consideration (Lettenmaier, 1976; Hirsch et al.,
1982; Ward et al., 1990; MacDonald et al., 1991).
Nevertheless, many studies still do not adequately
consider power, which is defined as the probability
that a statistical test will detect a change of a given
magnitude. As a result, sample size calculations may
result in a low probability of detecting change, and the
issue of power in paired watershed studies has not
been fully recognized or explained. Previous studies
also have not explicitly quantified the benefits that can
accrue from using a paired watershed design or
including another explanatory variable in the analysis.
Similarly, previous studies have not evaluated the cost
of including an additional explanatory variable when
in fact there is little or no correlation with the variable
of interest.

This paper addresses these limitations by: (1)
presenting a power analysis for the statistical (analysis
of covariance) model commonly used in paired-
watershed studies; (2) determining when it is benefi-
cial to include an explanatory variable, such as paired
observations from a control watershed; and (3) quan-
tifying the benefits of including an explanatory vari-
able in terms of an improved ability to detect change.
The results should provide a more realistic basis for
managers and researchers to design their studies and
water quality monitoring programs.

nonpoint sources (USEPA, 1991; MacDonald, 2000).
This means that monitoring efforts to evaluate change
and assess the cost-effectiveness of pollution control
efforts must increasingly be done at the watershed
scale.

The detection of significant change is also a critical
research issue (Reid, 1993). Much of the information
on the effects of management activities on runoff and
water quality has been derived from paired-watershed
experiments. The general design of these experiments
is that two similar catchments are monitored for a
calibration period. A treatment is then imposed on
one of the catchments while the other catchments
are maintained as a control. Any change in the rela-
tionship between the treated and control catchments is
considered a treatment effect (Wicht, 1967). T<? inter-
pret the results of such studies we must have a means
of determining when significant change has occurred,
and to design such studies we must be able to estimate
what duration of monitoring is likely to be required to
detect a given change. This information is also needed
to guide the design of projects to monitor water qual-
ity (Ward et al., 1990; MacDonald et al., 1991).

The statistical analyses of paired-watershed studies
date back to the 1940s (Wilm, 1949; Kovner and
Evans, 1954, and there is a growing body of literature
on the detection of hydrologic change (see review by
Esterby, 1996). More recently th~ US Environmental
Protection Agency (USEPA) has published several
papers and reports on the detectability of change asso-
ciated with nonpoint source pollution from agricul-
tural lands, forestry activities, and urban areas

(USEPA 1997a,b,c).
The procedures presented in these papers can be

applied to detecting the effect of an imposed treatment
at a single station, or to the effect 9f treating one
catchment in a paired watershed design. The ability
to detect a statistically significant change at a single
station is a function of the sample size prior to and
after treatment, the variability in each data series, the
chosen level of significance, and the magnitude of the
change induced by the treatment. In a paired-
watershed design, the detectability of change will
also depend on the strength of the correlation between
the variable of interest on the treated watershed and
the corresponding variable on the control watershed.
Hence the paired watershed design represents a
special case of adding an explanatory variable (i.e.,

Physical situation

For the purpose of this paper, let us assume that we
are interested in detecting the effect of some actions
imposed at roughly the same time on a treatment
watershed. Let us further assume that we have
made, or can make, water quality observations for
some period of time both before treatment (calibration
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period) and after treatment (treatment period). For
convenience we shall use annual sediment load as
the variable of interest. However, the approach is
not lirDited to this variable or time scale.

Let us also assume that we have the possibility of
including an explanatory variable in our analysis. We
shall use annual sediment loads from paired water-
sheds as our example, although one can substitute
any other explanatory variable. We shall refer to the
single station approach or model (SSA) as one in
which no explanatory variables are included. If an
explanatory variable is included, we refer to this as
the paired watershed approach or model.

For this paper we shall limit our discussion of both
models to the case of a step change in water quality
between the calibration period and the treatment
period. Before addressing the primary topic of
paired-watershed studies and explanatory variables,
we shall review the concept of minimum detectable
effect (MDE), the detection of change in the SSA, and
the effect of considering power on sample size in
single station or single-variable studies.

1.2. Concept of MDE

The concept of MDE (Bunte and MacDonald,
1999), or minimum detectable change, MDC (Spoo-
ner et al., 1987), is defined as the smallest change in
the average value of a given water quality variable
that would be considered statistically significant.
This same concept was referred to as the smallest
significant difference in some of the early work on
paired-watershed studies (Wilm, 1949; Kovner and
Evans, 1954). Both Spooner et al. (1987) and Bunte
and MacDonald (1999) consider the MDE to be the
change of smallest magnitude for which a two-sided
confidence interval about that change would not
include zero. While the concept of an MDE is extre-
mely useful for designing and evaluating monitoring
programs, it can be misleading as it does not consider
the power of change detection.

2. The single station approach

2.1. Confidence interval for difference in means

observed values of annual sediment load for either
the calibration or treatment period is

Yi = IL + 8i (1)

where Yi is the observed value of annual sediment load
for year i, IL the long-term mean annual sediment
load, and 8 i is the random noise term, assumed here
to be independent and normally distributed with mean
zero and standard deviation (T s.

The assumption of independence will be violated
when there is serial dependence that is not caused by
the treatment of concern. Serial dependence will
generally increase with decreasing sampling intervals,
and may be an important concern depending on the
time scale of interest (Loftis et al., 1991).

Often the normality assumption does not hold for
water quality variables. However, if a log normal
distribution applies, a similar analysis may be applied
to the logs of the observations. If neither a normal nor
lognormal distribution are appropriate, then non-para-
metric methods may be applied (Conover, 1980;
Hirsch et al., 1982; Gilbert, 1987; Taylor and Loftis,
1989; Helsel and Hirsch, 1992). In such cases the
parametric approaches discussed here can still provide
an initial indication of the required sample sizes.

The standard approach to change detection at a
single station is to calculate the confidence interval
for the difference in means before and after treatment
(i.e. the calibration and treatment periods, respec-
tively). The confidence interval provides both an esti-
mate of the magnitude of change and a test for
significance. If the confidence interval does not
include zero, one rejects the null hypothesis of no
difference between the calibration and treatment peri-
ods.

Assuming that (T is known, the confidence interval
for the difference in means, ILz -ILl' is given by

(iz -il) :t Za/2(Ti2-il (2)

For our example IL I is the mean annual sediment
load before treatment, ILz the mean annual sediment
load after treatment, ii the sample estimate of IL;, ZalZ
the standard normal deviate for right-tail probability
a/2; Z = 1.96 for a 95% confidence level, two-sided

interval, and (Ti2-il is the standard deviation of the
difference in sample means.

The minimum sample size, nmin' needed to detect a
given change can be calculated in terms of the MDE.The simplest statistical model for representing
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Table 1
Sample size requirements for detecting changes in the mean. cy =

coefficient of variation, c = change magnitude as a multiple of the
mean, nmin = the sample size required using a confidence interval

approach, and n(0.8) and n(0.9) are samples sizes required to

achieve powers of 0.8 and 0.9 respectively

n(O.8) n(O.9)cv JLy)lu Power(JJ.x nmin

22
6

85
22

0.5

0.5

1.0

1.0

0.5

1.0

0.5

1.0

1.0
2.0
0.50
1.0

8
2

32
8

0.42
0.18
0.45
0.42

17

5

64

17

sample sizes calculated using Eqs, (4) or (5) do not
take into account the power of change detection and
result in a power no greater than 50%, Thus the esti-
mated sample sizes are unrealistically low,

The low power of the MDE approach can be
demonstrated by conducting a thought experiment
based on Eq, (2), As defined previously, the MDE is
equal to half the confidence interval width or
Zt -an (T i2 -i1 ' The estimated difference in means,
i2 -it, is a (normal) random variable with mean
.uz -JLt and standard deviation (Ti2-X1' Now let us
imagine a large number of repeated trials in which
the true difference in means, JLz -JLt, is equal to
the MDE or ZI-al2(Ti2-i1' The estimated difference
in means will be greater than Zt-al2(Ti2-i1 and
deemed statistically significant in approximately
50% of the experiments. Conversely the estimate
will be less than ZI-al2(Ti2-i1 and will not be signifi-
cant in the other 50% of the experiments. Thus the
power of detecting a true change equal to the MDE
approaches 50% as the number of trials approaches

infinity,
The sample size required to obtain a desired power,

1 -B, is given by the following equation from Snede-
cor and Cochran (1980, p, 103) with slight changes in
notation

(7)

( Z u
-2 --

-c ILl
(5)nmin

assuming O"r = O"i = 0"2 and where n is the

number of samples required in each group,
nl = n2 = n, Za/2 the standard normal deviate
corresponding to a one-tailed probability of a12,
a the desired significance level, B the desired
Type n error = 1 -(the desired power), and L1 is

the true difference in means, IL2 -ILl.
There is a good presentation of this approach to

sampling design for evaluating nonpoint source pollu-
tion controls in USEPA (1997b,c). However, readers
should note that the notation in the EP A reports is
based on Snedecor and Cochran (1980) in which Za
is the standard normal deviate with two-tailed signifi-
cance level a. In this notation, Zo.os = 1.96. This

notation is inconsistent with the notation used else-
where in the same EP A reports and in this paper.

When the variance 0" is estimated from the experi-
ments, then 't tests replace the normal deviate tests'

2.2. Power of detecting a change

From either a monitoring or research perspective,
we want to have a high probability (power) of detect-
ing changes that are large enough to be of interest. The
power is a function of the magnitude of change,
IJL2 -.ull, the variance of the variable of interest,
and the confidence level chosen by the analyst. The

where cy is the coefficient of variation before treat-
ment, u/JL.J and Z = Zal2.
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The sample sizes in the last two columns of Table 1
are too large for most management decisions. For
example, to have an 80% probability of detecting a
50% change when the underlying CV is 0.5, 17
samples are needed for both the calibration and treat-
ment periods, or a total of 34 years in the case of
annual sediment loads. Even if one wishes only to
detect a change of 100% when the CV is a relatively
low value of 0.5, one still needs at least five years of
calibration and five years of post-treatment monitor-
ing. The sample sizes required to obtain higher
powers, say 95 or 99%, would be very large and
impractical for most applications. Fortunately,
however, a paired watershed design or the inclusion
of another explanatory variable may substantially
reduce the sample size needed to detect change.

3. Paired watershed approach

(Snedecor and Cochran, 1980, p 104). The corre-
sponding sample size equation is presented in Zar
(1999, p 132).

The importance of considering power in sample
size selection is shown by the examples in Table 1.
As indicated in the first two columns, these examples
use two levels of the CVand two levels of the change
magnitude, c, as defined above. They also assume a
95% confidence level, and equal sample sizes before
and after treatment. The third column presents the
change magnitude as a multiple of the standard devia-
tion and is equal to c/CV. The fourth column, nmin, is
calculated using Eq. (6). The fifth column presents the
resulting power, read from the operating characteristic
curves in Howker and Leiberman (1972) for a two-
sided (-test based on a normal distribution and
unknown but equal standard deviations. The last two
columns specify the sample size before and after treat-
ment (i.e. n) = n2 = n) to obtain powers of 80 and

90% based on Eq. (7) above. These sample sizes are
respectively designated as n (0.8) and n (0.9).

The two CV values used in Table I (0.5 and 1.0)
were chosen because they represent typical values for
key watershed characteristics, such as the annual load
of sediment or other constituents (Hunte and MacDo-
nald, 1999). The c values were set to 0.5 and 1.0
because most resource managers would expect to
easily detect a change of 50 or 100%. Lower CV
values would be expected for some variables, such
as annual water yields, while higher CV values
would be expected for shorter-term events, such as
the sediment loads associated with individual storms.
Similarly, one might expect management activities to
cause a relatively small change in some variables such
as annual runoff (Troendle, 1987), and larger changes
in other variables such as annual sediment loads
(Brown and Krygier, 1971; Grant and Wolff, 1991).

Table 1 shows that the minimum sample size as
determined from Eq. (6) yields a relatively low
power. A comparison of columns 4 and 6 indicates
that one generally has to double the sample size to
increase the power to 80%. We may verify that this
is a general result by using Eqs. (5) and (7) to
calculate the ratio of n(0.8)/nmin. Substituting
~.025 = 1.96 and ~.2 = 0.84, we obtain
n(0.8)/nmin = (1.96 + 0.84)2/(1.96)2 = 2.04. To

obtain powers of 90% the sample size must be

nearly tripled.

One of the biggest problems in detecting a change
in water quality is the high level of variability due to
the variability in precipitation or other causal
processes. As discussed in Bunte and MacDonald
(1999), the CV of annual sediment loads on small
undisturbed watersheds is typically close to 100%.
With increasing variability there is a corresponding
increase in the time period needed to characterize
the means and detect significant change.

An approach to account for and effectively reduce
this variability is to incorporate an explanatory vari-
able in the analysis. This additional variable can be
obtained from a paired watershed design, although
precipitation or some other causal factor could also
be used. The paired watershed approach is discussed
in Spooner et al. (1985) and Clausen and Spooner
(1993) and USEPA (1997a) and Grabow et al.
(1998, 1999). The Section 3.1 present the basic
approach along with a more detailed analysis of the
power and benefits associated with this design.

3.1. Mathematical model for the paired watershed

approach

The general approach in paired-watershed studies is
to develop a linear model that relates the variable of
interest on the treated watershed to the corresponding
variable for the control watershed. A significant
change in the slope or intercept terms is evidence of
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error of the estimated value. Each of the standard
errors can be calculated as the square root of the corre-
sponding variances {Helsel and Hirsch, 1992)

var(B2) = C22S2

a treatment effect. Eqs. (8) and (9) present the model
in USEPA (1997a), and these use annual sediment
loads as the water quality variable of interest, but
almost any other water quality variable could be
substituted.

Yl = Eo + E1xl + e (8)

var(B3) = c3382

Y2 = (Eo + E2) + (El + E3)x2 + 8 (9)

where, YI is the annual sediment loads from the treat-
ment watershed during the calibration period, xI the
annual sediment loads from the control watershed
during the calibration period, Y2 the annual sediment
loads from the treatment watershed during the treat-
ment period, X2 the annual sediment loads from the
control watershed during the treatment period, Eo the
calibration period intercept, El the calibration period
slope, E2 the adjustment to the intercept for the treat-
ment period, E3 the adjustment to the slope for the
treatment period, and 8 is the independent and identi-
cally distributed noise term.

The above two equations can be combined into one
using an indicator or dummy variable I (called Z in
USEPA, 1997a). This indicator variable is set to zero
for the calibration period and one for the treatment
period. The resulting equation, which applies to both
the calibration and treatment periods, is

Y = (Eo + E2/) + (El + E3/)x + 8 (10)

A treatment effect is presumed when either the
slope or intercept change from the calibration to the
treatment periods (i.e. if E2, E3, or both are not equal
to zero). The magnitude of the treatment effect will
vary with the value of the variable of interest from the
control watershed. For a particular value, say Xo, the
treatment effect is E2 + E3xo. Thus the 'average'
value of the treatment effect is given by E2 + E3xo,
where Xo is the average value from the control
watershed for the treatment period.

To estimate the value of a treatment effect in this
situation, we need several years of calibration and
treatment data from both watersheds. We can then
estimate the four parameters (Es) using linear regres-
sion. We can also obtain interval estimates for the
treatment effect from the confidence intervals for E2,
E3, and E2 + E3xo. In each case the confidence inter-
val is the estimated value of the parameter plus or
minus the appropriate t statistic times the standard

cov(B2, B3) = C23S2

var(B2 + B3xO) = var(B2) + x6varB3 + 2xocov(B2. B3)

(14)

where Cij is the element of (x'X) -1 in row i + I,

column j + 1; and S2 is the estimated variance of
the residuals. X is a matrix with the first column of
ones and the rows, from columns 2-4, as the multi-
variate (trivariate) observations. Given our example
of annual sediment loads, each of the trivariate obser-
vations consists of the following:

I. a value of x, annual sediment load,
2. the appropriate value of I, the indicator variable,

and
3. the product [x.

Thus the matrix X has the following form for the
general case of nl + n2 observations, where nl is the
number of observations during the calibration period
and n2 is the number of observations during the treat-
ment period

/1

/2

x\I\

x2h

XI

X2

I .',
nl+n2 Xnl +n/nl +nZXnl +n2

For a given set of data, performing the estimation
and obtaining confidence intervals is straightforward.
One could conclude that a treatment effect was statis-
tically significant if any of the three confidence inter-
vals -for B2, B3. or B2 + B3xO -did not include
zero.
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3.2. Sample size requirements based on confidence

intervals for the paired watershed approach

The paired watershed approach dates back to the
early part of the 1900s (see the historical review by
McCulloch and Robinson, 1993), but the statistical
analyses of such data was developed much later.
The basic sample size formula was developed in
Kovner and Evans (1954), which in turn was based
on Wilm (1949). These earlier papers assume that the
slope of the regression equation relating treatment
watershed response to control watershed response is
the same in both the calibration and treatment periods.
They consider only a change in the 'adjusted mean',
which is equivalent to the parameter B2 above.

The paper by Wilm (1949) considered only the case
of equal numbers of years, k, during calibration and
treatment. For this case Wilm (1949) developed the
following equation to estimate the required sample
size

analysis is also not considered, as Eqs. (15) and (16)
are based on a confidence interval approach very simi-
lar to that leading to Eq. (6).

Eqs. (15) and (16) are based on Eq. (1) in Wilm
(1949), and Wilm (1949) in turn references Snedecor
(1946). The same equation without the F is in a more
recent text (Snedecor and Cochran, 1980, p. 368).
Wilm multiplies S;x by a factor F to account for the
uncertainty in estimating u;x = u; from an actual

data set, but this is not necessary for our purposes,
and the key relationship is

cJ" ,",

~)(2+ ~
k= (15)

wherek = nl = n2 nl, n2the number of years ofmoni-

toring in the calibration and treatment periods, respec-
tively, six the estimated variance of the residual errors
about the regression line, F the tabulated F statistic at
the specified probability level, often 0.95, with
degrees of freedom = 1 and nl + n2 -3 and d is the

difference in adjusted means that one wishes to detect.
Kovner and Evans (1954) considered the more

general case of unequal sample sizes before and
after treatment. Their sample size formula has most
recently been recommended by Clausen and Spooner
(1993) and USEPA (1997a), and this is

(16) 3.3. Value added by the paired watershed approachF
s: nln2

7=~ l F(l + 2 " Jnl + n2 -

where the terms are as defined above.
Though neither Wilm (1949) nor Kovner and Evans

(1954) precisely defined the statistical model, the
difference between adjusted means (d) is equivalent
to the parameter B2 in the analysis of covariance
model (Eq. (10)). Since the same slope is assumed
to apply in both the calibration and treatment periods,
the parameter B3 is presumed to be 0. The power of the

We attempt to correct these shortcomings in the
following analysis, and we will first address the
issue of how much value is contributed by the paired
watershed approach compared to the single watershed
approach. Since we need to know how the two
approaches will perform over a broad range of corre-
lations between the control and treatment watersheds,
we need to generalize the equation for the variance of
the difference in adjusted means in terms of our

where s~ is the variance of the difference between
adjusted means. In our notation s~ would be an esti-
mate of the variance of B2, and SX2 is the pooled sum
of squared deviations of x within the calibration and
treatment periods, respectively.

The width of a confidence interval for d would be
given by tSd, where t is again the Student's t statistic as
defined for Eq. (7). Using this approach, the required
sample size to detect a difference d would be the
smallest number that produces a confidence interval
for d that just excludes zero. This approach does not
consider the possibility of a change in slope, nor is
there any indication of the resulting power. An MDE
approach using confidence intervals rather than power
is understandable since the power calculations would
have posed computational problems for Wilm (1949)
and Kovner and Evans (1954). Another problem is
that neither of these papers consider how much corre-
lation is needed for the paired watershed approach to
be of value, nor how much value this design adds
compared to a single station design.
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Table 2
Effect of paired watershed correlation on estimation of cumulative effects. The IT d values are standard deviations of the estimated difference in
means before and after treatment. The MDE at a 95% confidence level is 1.96 IT d. The p values are correlation coefficients between control and

treatment watersheds

cy k SSA Ud p = 0.0 lTd p= 0.3 CTdP=O.6 u d p = 0.9
O"d

0.5

0.5

5
10
5

10
5

10

0.32
0.22
0.63
0.45
0.95
0.67

0.34
0.23
0.68
0.46
1.02
0.69

0.33
0.22
0.65
0.44
0.98
0.66

0.27
0.18
0.55
0.37
0.82
0.55

0.15
0.10
0.30
0.20
0.45
0.30

1.5
1.5

analysis of covariance model, rather than in terms of
the data. We proceed as follows.

The model for both the calibration and treatment
periods from Wilm (1949) and Kovner and Evans
(1954) is

Since the MDE as we have defined earlier is equal
to Zu d, the minimum sample size k will be that for
which Ud ~ d/Z, where Z = 1.96 for a 95% confi-

dence level.
Now we can compare, over a range of conditions

and sample sizes, the variance of the difference in
means ( u d) using the paired watershed approach
with ud for the SSA. Recall that d = cJLy and that
Uy = ,LLyCV. For convenience we assume ,LLy = 1.0
so that Uy = CV. It follows that

y = (Ho + H2J) + H1x + 8 (18)

This is analogous to Eq. (10), but there is no B3
since the slope is assumed to be the same for both
the calibration and the treatment periods. For the cali-
bration period only, the model is

,2 (23)u; = CV2(1 -p
(19)y = Eo + Elx + 8

We can generalize Eq. (17) by taking expected
values of each side of the equation. This requires
some intermediate results.

As a first step the expected value of the regression
term S;x = (72(8), and from standard texts (such as

Bowkerand Leiberman,' 1972) we note that

B 1 = ,;.fj; (20)

The comparison of u d values is presented in Table
2. We assume equal before and after treatment sample
sizes, k = nl = n2. As in Table I, the selected values

of CV represent a typical range of values for annual
sediment loads. Since we are using a mean of 1.0, the
table entries may be regarded as fractions of the mean.
The MDE, at a 95% confidence level is 1.96 times the
table entry. The third column lists ud values for the
SSA. The remaining four columns give u d values for
the paired watershed approach for four different levels
of correlation.

The values in Table 2 show that there is a slight
penalty (higher standard error) for using the paired
watershed approach when there is no correlation
between the paired watersheds. At p = 0.3, u d is

about the same for both the single station and paired
watershed approaches. At p = 0.6 there is a distinct

advantage to the paired watershed approach. If
p = 0.9, u d and the MDE for the paired watershed

approach are about half of the values for the SSA. It
is interesting that even if the cross-watershed correla-
tion is 0.9, five years of calibration and five years of
post-treatment monitoring are needed to detect a 30%

By taking the variance on each side of the equal
sign in Eq. (19) and substituting the above expression
for B1, we obtain

u; = u2(1 -p2) (21)
y
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Table 3
Powers (shown in parentheses) of detecting the MDE obtained from a confidence interval approach for the cases considered in Table 2. The
MDE at a 95% confidence level is 1.96 Ud

cy k SSA O"d p= 0.0 0"I!p=O.3 lJ"d p = 0.6 O'dP=O.9O'd

0.5

0.5

I

I

1.5

1.5

5
10
5

10
5

10

0.32
0.22
0.63
0.45
0.95
0.67

0.34 (0.39)
0.23(0.45)
0.68(0.39)
0.46(0.45)
1.02(0.39)
0.69(0.45)

0.33(0.39)
0.22(0.45)
0.65(0.39)
0.44(0.45)
0.98(0.39)
0.66(0.45)

0.27(0.39)
0.18(0.45)
0.55(0.39)
0.37(0.45)
0.82(0.39)
0.55(0.45)

0.15(0.39)
0.10(0.45)
0.30(0.39)
0.20(0.45)
0.45(0.39)
0.30(0.45)

change (at a 95% confidence level and power of 50%
or less) when the CV is 50%. For a CVof 100%, a total
of 20 years of monitoring are needed to detect a 40%

change.

.the value of x for which the power is to be deter-

mined,
.the significance level of the test, a.

3.4. Power of change detection using the paired

watershed approach

The analysis that led to Table 2 has to be extended
in order to explicitly determine the power of detecting
a change of a certain magnitude. We developed a
simulation program using FORTRAN and IMSL subrou-
tines to calculate the power of trend detection for a
given set of watershed conditions (population para-
meters) and magnitude of change. The theoretical
development and methods are presented in the Appen-
dix A. In our example of annual sediment loads and a
paired watershed design, the conditions that must be
specified to determine the power include:

.the mean and variance of x, the control watershed
2annual sediment load, JLx, 0- x ,

.the noise term in the above model, 0-;,

.the true change in adjusted mean sediment

discharge, B2
.the true change in the slope, B3,
.the calibration and treatment sample sizes (years of

monitoring in our example) n] and n2,

The simulation program was used to calculate the
power associated with the changes in Table 2, assum-
ing the same conditions, i.e. B2 = 1.960"d, B3 = 0,
a = 0.05 and Xo = JLx = 0"; = 1.0. The values in

Table 3 are the same as in Table 2, with the addition
of the power to detect change for each case in parenth-
eses.

The results are very similar for all three values of
CV. For k = 5 there is approximately one chance in

three of detecting the difference of magnitude 1.960" d,
while for k = 10 the power improves to just under one

chance in two. Hence the changes that were consid-
ered detectable using the confidence interval approach
have less than a 50% chance of being detected.

The low power values in Table 3 are very similar to
the powers calculated when using a (-test to evaluate a
difference in means at a single station (Table 1,
column 5). In the case of the (-test the sample size
had to be doubled to increase the power to 0.8 (Table
I, column 6). We now consider whether similar
increases in sample size are required in the paired
watershed approach.

Table 4 presents the results of simulations to deter-
mine the increase in sample size needed to obtain a
power of 0.8 for three cases from Table 3, selected to
illustrate varying values of CV and p. In Table 4,
B2 = 1.96 O"d, corresponding to the MDE from

Table 3, and 0"; is given by Eq. (23). The results are
similar to the single station analysis, as the required
sample size, n(0.8), for each case is at least twice as
large as k, the sample size suggested by the confidence
interval approach.

Table 4
Sample size required, n(0.8), to obtain a power of 0.8 for selected
cases from Table 3. B2 = 1.96iTd, and iT; is given by Eq. (23)

2
Uscy k B2 n(O.8)p O'd

0.5

1.0

1.5

10

5

5

0.6

0.3
0.0

0.19
0.68
1.06

0.372
1.333
2.078

0.16
0.91
2.25

21
II
II
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Fig. I. Power curves for paired-watershed change detection for variance u; =0.25.

gate the more complex cases where the slope is not
constant (B3 # 0), there is a change in the mean on the
control catchments between the calibration and treat-
ment periods (xo # JLx)' and the effect of changing 0";
on power. We discuss these results in general terms.

We first consider the case of varying slope B3. As
stated earlier, the total magnitude of the cumulative
effect is the sum of the change in intercept (B2) and the
change in slope (B3) times Xo. Simulations demon-

~
strate that the power depends on the ftDm of B2 plus
ByXo rather than on the individual valges of B2 and B3.

We next consider the case of Xo # JLx. Simulations
indicate that the power depends on the distance Ixo -

JLxl with the greatest power at Ixo -JLxl = 0 (i.e. the

level of the explanatory variable is unchanged
between the calibration and treatment periods).

We then considered the change in power resulting
from changing 0"; , which is the variance of the annual
sediment loads from the control watershed. In cases
where Xo = JLx the power is not affected by 0"; .For

To provide general guidance on sample size
requirements, we developed sets of power curves for
selected values of u; that span the likely range of
conditions to be encountered in practice. Each curve
portrays the power of change detection for a range of
change magnitude, d = B2, expressed as a fraction of

the treatment watershed mean (JLy) during the calibra-
tion period. As above we use JLy = 1.0 in the simula-
tions so that when B3 = 0, Eq. (23) applies. When

B3 # 0, then the inter-watershed correlation changes
from the calibration period to the treatment period.

Figs. 1-4 present curves for nl = n2 and sample

sizes ranging from 3 to 15. For these curves we set
Xo = JLx (i.e. the mean annual sediment load for the

control watershed did not change between the calibra-
tion and treatment periods) and B3 = 0. To use the

curves, one finds u; using Eq. (23) with the values
of CV and p for the situation of interest und then
chooses the nearest set of curves.

Additional simulations were performed to investi-



J.C. Loftis et al. / Journal of Hydrology 251 (2001) 49-64

variance =0.5

-n1=n1=3

.;. --n1=n2=5

., n1=n2=7
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I. --n1=n2=15

Fig. 2. Power curves for paired-watershed change detection for variance u; = 0.50.

4. Summary and conclusionsother cases the power increases slightly as u;
increases and everything else is held constant. This
makes sense in that the estimation of the regression
parameters improves with increasing spread of x.

Finally we consider the case of unequal sample
sizes for the calibration and treatment periods.
Several sets of power curves were generated for
a constant u; but unequal sample sizes, and one
set is shown in Fig. 5. These power curves show
that for a given total number of samples, the
greatest power is obtained when the sample sizes
for the calibration and treatment periods are equal.
However, small differences in sample sizes have
little effect on power unless the total sample size
is small and the relative difference in sample size
between the control and treatment periods is large.
When the sample sizes are not equal, it does not
matter whether the calibration or treat~ent period
has the larger sample size. Therefore Fig. 5 shows
only the case of nl < n2.

The ability to detect a step change was explored for
two different statistical models. The first model exam-
ined the MDE and the power to discern a step change
in means. The second model included an additional
explanatory variable as commonly applied in paired
watershed experiments. For both models the MDE
was defined as a change in the mean in the variable
of interest that was just larger than the half-width of
the calculated confidence interval for that variable. An
extended power analysis resulted in the following key

points:

The 'detectable' changes as calculated from the
confidence interval approach are not detectable
over half the time because the power is always
less than 50%. Although this point has been
noted by others (e.g. Ward et al., 1990 p. 220), it
is not generally recognized by resource managers
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Fig. 3. Power curves for paired-watershed change detection for variance u; = 1.00.

depends on the sum of the change in the adjusted
mean (B2) plus the change in slope times the aver-
age value from the control watershed for the treat-
ment period (BJXo).

5. For a given total sample size, the greatest power is
obtained when the calibration and treatment
sample sizes are equal. When they are unequal, it
makes little difference whether the calibration or
treatment sample size is larger .

6. Relatively long monitoring periods (e.g. more than
10 years) are required to reliably detect change
unless the variance is small, the change is large
relative to the mean, and there is a strong correla-
tion with an additional explanatory variable.
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2. To increase the power of change detection to a
more reasonable value of 80%, the sample sizes
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sizes calculated by the confidence interval

approach.
3. The addition of an explanatory variable, as in the

case of a paired watershed design, can significantly
improve the detectability of change when the
correlation, p, with the variable of interest is at
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p < 0.3), there is a penalty for including an addi-
tional variable in that the MDE is slightly reduced.
On the other hand, a relatively strong correlation of
0.8 or 0.9 can substantially improve the MDE and
power, or reduce the sampling period needed to
detect a giy~n change.

4. When using a paired watershed design and assum-
ing fixed values of all other parameters, the power
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Fig. 4. Power curves for paired-watershed change detection for variance IT; = 2.00.

x 825789-01-0, and this built on an earlier study
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Improvement.

This results in the following X matrix,

1 0 0XII- il

Appendix. Details of Monte Carlo simulations for
calculating power -ii 0 01 XI&

O 0 1 X21 -i2
To d~ect a change between the treatment and

contro(watersheds for a given value of Xo. we are
interested in testing the following hypothesis.

Ho: /32 + /33XO = 0.
0 0 1 X2n2 -i2

withIn order to simplify computations, the data was
transformed so that the matrix (x'X) -1 was diagonal.

Therefore, Eq$. (8) and (9) in the text become l/nl

O

0

O

O

2
l/Sxl

0

0

o

0

l/n2

0

o

o

0

l/S~

Y1 = a1 + 'Y1(X1 -ii) + B,
(X'X)-I =

and

Y2 = a2 + 'Y2(X2 -i2) + B.
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Fig. 5. Power curves for paired-watershed change detection for variance u; = 1.00 and unequal sample sizes for calibration and treatment

as follows

A = ---:--

u; ( ~
nl

where S;i = L;~I (Xij -XJ2, i = 1,2. Therefore, the

hypothesis of interest becomes
Ho: Hg = 0, where H = l- I xI -Xo I Xo -X2J

and 9 = [al 11 a212]" with /3o = al -1IXI,
/31 = 11' /3z = a2 -12X2 -al + 11XI and
/33 = 12- 11.

The test statistic, W, is given by (see Graybill, 1976, Section 4.3 for a review of the
non-central F distribution). We reject Ho if w, the
computed value of W, is greater than or equal to the
tabulated value of an F statistic with 1 degree of free-
dom in the numerator and nl + n2 -4 degrees of
freedom in the denominator. In order to calculate
the power for the above test at a given significance
level, we assume that the mean and variance of the
control watershed sediment discharge, the error
variance, 132. 133, the calibration and treatment sample
sizes and Xo are all known. However, since the power
is conditional on the data, we must estimate it by
simulating values of W from a non-central F distribu-
tion with 1 and nl + n2 -4 numerator and denominator

+ n2 4).

(see Graybill (1976) Section 6.3 for a general refer-
ence on hypothesis testing). It is well known that W
has a non-central F distribution with 1 degree of free-
dom in the numerator, 4 degrees of freedom in the
denominator and a non-centrality parameter).. defined
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degrees of freedom, respectively, and non-centrality
parameter A This was done by simulating 10,000
values of A according to the above equation. Examin-
ing the denominator we find that «ii -xo)2ni)/(0";)
has a non-central chi-squared distribution with one
degree of freedom and non-centrality parameter
Ai = «JLx -xo)2ni)/(0";)' and that

(Sxi)/(0";) has a chi-squared distribution with ni -1
degrees of freedom (i = 1,2). Therefore, «(ii -
xo)2ni)/(0";)/«S;i)/(0";(ni -1» = ni(ni -1)«ii -

XO)2/(S;i» has a non-central F distribution with 1
degree of freedom in the numerator, ni- 1 degrees
of freedom in the denominator and non-centrality
parameter Ai = «JLx -xo)2ni/(0";». Hence, the

10,000 values of A were simulated by generating
10,000 values from the two non-central F distributions
described above and substituting these into the above
equation for A. The power was then calculated by aver-
aging the power estimates for the 10,000 simulated w's.
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